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Abstract 

Recently, Bahados, Silk and West analyzed a collision of two particles near the horizon 
of the extremal Kerr black hole and demonstrated that the energy in the center-of- 
mass frame can be arbitrarily large provided the angular momentum of one of the 
colliding particles takes a critical value. As is known, the vicinity of the extremal Kerr 
black hole horizon can be viewed as a complete vacuum spacetime in its own right. In 
this work we consider a collision of two neutral particles within the context of the near 
horizon geometry and demonstrate that, while the energy in the center-of-mass frame 
is finite for any admissible value of the particle parameters, their range differs from 
that in the Bahados, Silk and West setup. For the range of the particle parameters 
which is common to both the approaches the discrepancy in the largest collision energy 
turns out to be about 12 percent. 
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In a recent work [1], Bahados, Silk and West (BSW) considered a collision of two particles 
near the horizon of the extremal Kerr black hole and demonstrated that the energy in the 
center-of-mass frame can be arbitrarily large provided the angular momentum of one of 
the colliding particles takes a special value. This work stimulated an intensive debate [2]- 
[10] which continues today. 1 While the convincing arguments that the BSW-effect cannot 
have observational consequences have been given [10] (see also the discussion in [2, 3, 8]), 
no attempt to reconcile the physical reasoning and the curious mathematical feature of the 
Kerr background has been made. 

In the original work [1], two particles of equal mass and equal energy approaching the 
extremal Kerr black hole on the equatorial plane were considered. The energy in the center- 
of-mass frame was computed with the use of the first integrals of the geodesic equations. 
Evaluating the energy in the limit in which the radial coordinate tends to the horizon radius, 
the critical value of the particle angular momentum, at which the energy blows up, was 
determined. 

It has been known for some time that the vicinity of the extremal Kerr black hole horizon 
can be viewed as a complete vacuum spacetime in its own right [11]. It is then interesting 
to investigate whether an analog of the BSW-effect takes place within the context of the 
extremal Kerr throat geometry. In this brief note we consider this issue and demonstrate 
that, while the energy in the center-of-mass frame is finite for any admissible value of the 
particle parameters, their range differs from that in the BSW setup. In particular, within 
the context of the near horizon geometry, the BSW critical value of the particle angular 
momentum yields a physically unacceptable effective potential. For the range of the particle 
parameters which is common to both the approaches the discrepancy in the largest collision 
energy turns out to be about 12 percent. 

For the sake of generality, we consider the near horizon extremal Kerr-Newman geometry. 
The near horizon Kerr geometry and the near horizon Reissner-Nordstrom geometry show 
up as particular cases. Below we first recapitulate the BSW results and then carry out a 
similar analysis within the context of the near horizon geometry. 

In Boyer-Lindquist-type coordinates the Kerr-Newman solution of the Einstein-Maxwell 
equations reads 2 

ds 2 = - (dt -asm 2 9dct>) 2 - ^dr 2 - p 2 d6 2 - ^ (adt - (r 2 + a 2 )rf0) 2 , 
p 2 A p 1 

A= ^ (dt - asm 2 Odcf) , A = r 2 + a 2 - 2Mr + q 2 , p 2 = r 2 + a 2 cos 2 9. (1) 

The parameters M, a and q are linked to the mass, angular momentum and electric charge 
of the black hole, respectively. In what follows we discuss only the extremal solution, which 

1 By now there is extensive literature devoted to various generalizations of the BSW-effect. These include 
nonextremal black holes, charged black holes, black holes surrounded by matter, nonequatorial geodesic 
particles etc. For related references see, e.g, a recent work [9]. 

2 We use the metric with mostly minus signature and put c = 1, G = 1. In these conventions the 
Einstein-Maxwell equations read R nm - \g nm R = -2(F ns F m s - \g nm F 2 ), d n {^g~F nm ) = 0. 
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occurs if A has a double zero at the horizon radius = M = a/a 2 + q 2 . The Kerr-Newman 
solution (1) is invariant under the time translation and rotation around the symmetry axis 

t' = t + a, <j)' = <f> + p. (2) 

It also possesses a hidden symmetry described by the second rank Killing tensor [12]. 

Before we proceed to discuss the BSW-effect, let us make a comment on the gauge choice. 
The equations of motion describing a massive charged particle coupled to the Einstein- 
Maxwell background read 

where m is the mass and e is the electric charge of the particle. In general, the coordinate 
transformation x' n = x n + £, n (x) generated by a Killing vector field with components £, n (x) 
leaves the background vector potential invariant provided 

rF m n + d n (C l A m ) = 0. (4) 

In view of (3) and (4) each Killing vector field gives rise to the integral of motion 

/ dx m \ 
C(x) f mg nm — + eA n \ . (5) 

The Einstein-Maxwell equations are invariant under the gauge transformation A' n (x) = 
A n (x)+d n e(x). Taking into account (4), one concludes that a gauge transformation preserves 
symmetries of a gauge field one-form provided 

Cd n e = const. (6) 

In view of (2), for the Kerr-Newman solution the arbitrariness in defining a gauge field 
one-form amounts to adding a constant contribution to the gauge potential. In general, this 
constant is set to zero by imposing a boundary condition that the gauge potential vanishes 
at spatial infinity. However, in the context of the near horizon geometry, which we discuss 
below, such a boundary condition is no longer valid. In particular, the near horizon gauge 
potential is linear in the radial coordinate. Because the gauge transformation shifts the value 
of the first integral (5) by the constant e£ n d n e and the energy in the center-of-mass frame 
nonlinearly depends on the first integrals, in what follows we consider only neutral particles 
and set e = throughout. 

First, let us consider a collision of two neutral particles of equal mass propagating on 
the Kerr-Newman background. Focusing on the equatorial plane and taking into account 
the invariance of the background fields under the time translations and rotations around the 
symmetry axis, from the first integrals 

dx n T dx n , Jx n dx m , 

= m9tn ~ds' = mfl,0n "rf7' 9nm ^~ds~ds~ = 
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where E is the energy of a particle and L is the component of momentum parallel to the 
symmetry axis, one finds 

§ = ^ («(2Mr - qi)(a£ rV + « 2 )£) ■ 

S = ^K((2^-" 2 )K + ')-^), 

r/r 1 / 

— = ±— y r 2 (r 2 + a 2 )S 2 + (2Mr - q 2 )(aS + if - r 2 l 2 - r 2 A, (8) 

CLS T' 

where £ — E/m, I — L/m. Computing the energy in the center-of-mass frame 



/ dx m dx n 

E c . m . = mV2J 1 + g mn ^ ^ (9) 

and taking the near horizon limit r — > M, one gets (see also [13]) 

E c . m .{r^M)= (10) 

l (£ 1 + £ 2 ) 2 (hS 2 - k£i)(a£i 2 + h£i - a) (kS 2 - hSi) K 2 2 + kS 2 - a) 
= m \] £ ± £ 2 £ 1 (£ 1 {q 2 + 2a 2 ) + al 1 ) £ 2 {£ 2 {q 2 + 2a 2 ) + al 2 ) ' 

In particular, setting Si = £ 2 = a = 1 and q = 0, one reproduces the result in [1] for the 
extremal Kerr black hole 3 

Thus, the BSW-effect occurs for the critical value l± t2 = —2, at which the energy (11) blows 
up. 

Setting a = in (1), one derives the extremal Reissner- Nordstrom black hole, for which 
(10) yields 



E c , m {r^M) =m h 



(£ 1+ £ 2 ) 2 + (^-^vy (12) 



It is then interesting to carry out a similar analysis within the framework of the near 
horizon extremal Kerr-Newman geometry [11]. In order to derive it, one first redefines the 
coordinates 

trn ta 
r ->■ M + er r, t ->■ — , -> + — , (13) 

e er 



3 Our convention for I differs form that in [1] by the flip of sign. 
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where r 2 . = M 2 + a 2 , in such a way that in the new coordinate system the horizon is located 
at r = 0. Then one takes the limit e — > 0, which yields 4 

,2 2/2,2 dr 2 2 \ (M 2 + a 2 fsm 2 6 / J 2aM , 
ds 2 = p 2 r 2 dt 2 - — - d0 2 - ^ ^ # + ^2 I 2 r ^ 



r 2 y p 2 V M 2 + a 2 

A = ^ ((M 2 - a 2 cos 2 #)rdt + aM sin 2 #d0) , p 2 = M 2 + a 2 cos 2 6. (14) 

Po 

This is a vacuum solution of the Einstein-Maxwell equations [11]. It is worth mentioning 
that the near horizon geometry exhibits extra 5*0(2, 1) symmetry [11], which, in particular, 
renders the second rank Killing tensor reducible [15]. 

Focusing on the equatorial plane, from (7) and (14) one derives 

dt £ 2al d(f) (M 2 -4a 2 )l 2a£ 



ds M 2 r 2 M(M 2 + a 2 y ds (M 2 + a 2 ) 2 M{M 2 + a 2 )r ' 



dr_ ,J_ S 2 AalS [l 2 (M 2 - 4a 2 ) + (M 2 + a 2 ) 2 ] 

~d~s~ My M 2 M{M 2 + a 2 ) r (M 2 + a 2 ) 2 



Substituting these expressions in (9) and taking the near horizon limit r — > 0, one gets 



E c . m {r -+ ) = m jJL (( £l + S 2 ) 2 + ( ^r + + 2 ^ )2 (^2 - h£i? ) ■ (16) 



In contrast with (11), this is finite for any admissible value of the particle parameters 5 . In 
particular, setting q = and E\ — £2 — M — a — 1 as in [1], one gets 



E c . m {r 0) = ^16 + (/!-/ 2 ) 2 . (17) 

Note that, while this expression coincides with E c rn _ for the near horizon Schwarzschild black 
hole [1], the range of admissible values of / is different (see the discussion below). The same 
values £ 1 = £ 2 — M — 1 chosen for the Reissner-Nordstrom black hole (a = 0) give 

E c . m .(r -)■ 0) = m^A+ih-k) 2 . (18) 

Thus, the same energy in the center-of-mass frame is attained at twice less relative momen- 
tum (li — l 2 ). 



4 The near horizon vector potential is usually derived from the near horizon field strength two-from. For 
more details on the derivation of the near horizon black hole geometries in diverse dimensions and further 
references to the original literature see, e.g., a recent work [14]. 

5 Below we demonstrate that the option £ = is ruled out as unphysical. 
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In order to properly compare the near horizon analysis and the BSW setup, one needs to 
take into account admissible values of the particle parameters in both the pictures. These 
are prompted by the effective potential V(r) 6 

± = -y/£2-V(r) (19) 

and the requirement that the particle can reach the horizon. Within the BSW framework, 
the particle, which is originally at rest at infinity (S = 1), is governed by the effective 
potential (see Eq. (8) above) 7 

and can reach the horizon provided [1] 

-2</<2(l + v / 2). (21) 

The near horizon geometry (14) is an approximation, which describes the throat of the 
extremal Kerr black hole. The effective potential, which follows from (15), reads 

3/ 2 \ 2 



V NH {r) = 2l£r + ^1 - — j r 2 (22) 

and is valid for finite values of the radial coordinate only. In particular, in this setup 8 = 1 
is not distinguished. For ^1 — > the potential is a parabola, which opens upward 



Vi = 




IS 



V 



1 _ %E 
1 4 



(23) 



The cases IS > and IS < prove to be qualitatively similar and the solution of the radial 
equation (19) can be written in a uniform way 




r(s) = \\S\\ 1 + - cos \s X 1 - — - IS . (24) 



Given S and /, the particle starts at r(0) = — -, — = and reaches the horizon located at 

V 1+ T + f 



r = in finite proper time s = —r^ — ? arccos ( — p — = | . Taking into account the leftmost 

^? Visiv^f/ 

equation entering the first line in Eq. (15), one can verify that the forward in time condition 
H > selects S > 0, while I is allowed to be both positive and negative. 



6 Here and in what follows we discuss the extremal Kerr black hole only and set M = a = 1, q = 0. 
7 Recall that our convention for / differs form that in [1] by the flip of sign. 
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For ^1 — < the potential is a parabola, which opens downward 



^ = -|'V^ - '-^=1 -\^— \ - (25) 



If IS > the vertex of the parabola lies in the first quadrant and the range of r, which 
admits the fall to the horizon, reads r < 3l i £ . The solution of the radial equation (19) has 
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the form 




r(s) = J^-l 'I - \/-+ i \ —r-\ I • P = < 



S V?^. (26) 



\S I 

Like above, the particle starts at r(0) = 1 L — and reaches the horizon in finite proper 

KI+VV+ 1 

(\i\ \/ 3 ' 2 ~i\ 
— 7= — . Note that the forward in time condition > implies 

that both £ and I are positive. If IS < the vertex of the parabola lies in the second 
quadrant and the potential is the descending leg which starts at r = 0. Such a potential is 
physically unacceptable and should be discarded. Curiously enough, the BSW critical value 

S — 1, I — — 2 belongs precisely to this case. The instance ^1 — = can be considered 

likewise. The potential is a liner function of r with S > and I — -^=. 

To summarize, within the context of the near horizon geometry the range of allowed 
values of the particle parameters / > — -^=, S > turns out to be different from that in 

the BSW setup —2 < / < 2(1 + \/2), S — 1. In particular, the instance S — 1, I — —2 is 
ruled out as unphysical, while there does not appear an upper bound on I. The latter fact 
suggests that the near horizon consideration and the BSW analysis may in fact complement 
each other. Indeed, consider the range — ^= < I < 2(1 + y/2) , which is common to both the 
approaches, take S — 1 and compute the largest collision energy, which occurs for particles 
carrying the maximum and minimum angular momenta. Within the BSW approach one 
finds 4.05016 m, while the near horizon geometry yields 3.59854 m, which is only 12 percent 
less. The conclusion we draw is that taking into account the near horizon geometry one can 
alter the range of allowed values of the particle angular momentum and avoid the divergent 
expression in [1]. 



Note added 



After this work has been posted on arXiv, the paper [16] appeared, which states that a 
variant of the BSW-effect occurs if the energy of one of the colliding particles is zero (see 
Eq. (16) above). As follows from Eq. (19) and the effective potential (22), in this case one 

has to require ^1 — < 0, which yields a physically unacceptable potential. Note that 

for / > the forward in time condition is also violated. 
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